AN INVARIANT SET IN ENERGY SPACE 
FOR SUPERCRITICAL NLS IN ID 



SCIPIO CUCCAGNA 

Abstract. We consider radial solutions of a mass supercritical monic NLS and we 
prove the existence of a set, which looks like a hypersurface, in the space of finite 
energy functions, invariant for the flow and formed by solutions which converge to 
ground states. 



§1 Introduction 
We consider a monic supercritical NLS 

(1.1) iut + + \u\^~^u — , {t,x) G M X M , u(t, x) = u{t, —x) , 5 < p < oo. 

We ignore translation and consider only even solutions u{t, x) = u{t, —x) of (1.1): by 
Hi (M, C) we will mean the space of finite energy even functions. (1.1) admits ground 

states solutions e'*'^+''''^i^(x), with ^^^(x) = u^^^^p^ {^^)~sec\i~{^^^-/ux). Let 

(1.2) G = {e'^(t)u:{x) : w > 0; 7 G M} C HI{R, C). 

For any initial datum w(0, x) G H} (R, C) close to G, for some time the corresponding 
solution u{t, x) remains close to G and can be written in a canonical way as a varying 
ground state plus a reminder term: 

(1.3) u{t,x) =e^/o'^(")^'^+^^(*)((/)^(t)(x) + r(t,x)). 

The orbits in G are unstable and u{t^ x) can blow up in finite time [BC], so (1.3) in 
general does not persist for all t. We will prove: 

Theorem 1.1. There exist a X C -/^^(M, C) such that: 

• GCX; 

• X is invariant by the flow; 

• X looks like a hypersurface, in the following sense: for any qq E G there exists 
a neighborhood U of go in if^(]R, C) such that there is X (1 X (1 U with X the 
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graph of a real valued function, non necessarily continuous, defined on a real closed 

hyperplane through go in H^{M., C); 

• For any go = e^'^"(j)^^^{x) G G there are C > and eo > 0, which depend only on 
u)o, such that for any < e < to if we pick uq E X with \\uo — go\\H^{R) < e then the 
corresponding solution u{t, x) is globally defined and contained in X, can be written 
in a canonical way in the form (1.3), and we have 

(1) lk(OllHi(R,C) + lkllL|(K+,L-(R,C)) + IK,7o) " 7(0)1 < Ce. 
The limit 

(2) lim (a)(t),7(t)) = (cJocToo) 

t— >+oo 

exists and there exists r^o £ H^i^, C) with ||roo||Hi(R,c) < C*^ such that 

(3) lim ||e^/o*-Wrf-+n(t)^(i) _ e^*^'roo||Hi(M,c) = 0. 

t— »+oo ^ ' 

Remark. In the subspace of x formed by pairs (u, w), the hyperplane at 
^0 = ^^'^°4>tooi^) is spanned by Ng{H^^) © ]Rcri^(a;o) ® L^(i?^o), with the various 
terms introduced in §2. 

Remark. We emphasize that all the functions considered in this paper are even 
in X. 

Theorem 1.1 is related Tsai & Yau [TY], Schlag [S] and Krieger & Schlag [KS]. [KS] 
for (1.1) proves the existence of a Lipchiz hypersurface of initial data uq with {x)uo e 
iy-^(R) n VF^'^(R) < oo, such that the corresponding solutions u{t,x) converge to 
ground states. The stronger decay hypothesis on the initial data allows to control 
the rate of convergence of uj{t) to its limit, and also the rate of convergence of the 
motion of the ground state to the inertial asymptotic motion. For data iy^(M) or 
in the smaller space Hl{M) the method in [KS] does not work. We consider only 
even initial data to eliminate spatial motion of the ground state. So the velocity 
is zero and we trivialize one of the difficulties. The problem with uj{t) however 
remains. We obtain our result by means of Schauder fixed point theorem applied to 
an appropriate functional. Unfortunately, due to the fact that uo G HliM.) and to 
the lack of sufficient control on a;(t), we are not able to show that the functional is 
a contraction, which would yield X — X and some regularity for the hypersurface. 
It would be nice to prove that X is a continuous hypersurface, and then, given a 
small ball B C i7^(M) of center g E G, to study the behavior of solutions which 
start in B\X. During the review process of this paper we learned of the work 
by Beceanu [B] which proves an analogous result to the present one for solutions 
u{t) e H'^(M?) n L2'1(R3), in the notation below, for the cubic NLS treated in 
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[S]. The result in [B] is stronger than ours in two respects: X is indeed a Lipschitz 
hypersurface in //^(M"^) nL^'^(R'^), and there is no requirement of spherical or other 
symmetries. The proof in [B] does not work in our 1 dimensional setting for solutions 
u{t) G -ff^(M) n L^'^(R). We remark that the endpoint Strichartz estimate needed 
in [B] is a corollary of the transposition to linearizations of the NLS of the following 
material: Yajima's theory of wave operators [Y1,Y2] transposed in [C4,C5]; 
Kato smoothness theory [K], applied in Proposition 4.1 [CPV]. Furthermore, in 
cases when they cannot be derived directly from bounds on wave operators, as for 
example Lemma 3.1 below, Strichartz estimates for the linearization in (2.2) 
can be proved with a standard TT* argument, using an appropriate bilinear form, 
see the proof of Lemma 3.1 in [C1,C3] . For other results related to the present 
paper see [Co, Ma] and references therein. 

In the last section we list a series of errata in paper [CI]. In particular the present 
paper is based on [C3], which is a thorough revision of [CI]. 

We write i?ii-(^) = {H — z)~^ and {x) = {l + \x\'^)^. We set ||w.||i/fe,a := ||(a;)M||jLffc. 
We set L^'* = H^'^. We set {f,g) = J^*f{x)g{x)dx, with f{x) and g{x) column 
vectors and with the transpose. VF^'P(R) is the set of tempered distributions f{x) 
with derivative f{x)J'{x) e Lp{R). W'''P{R) is the space of tempered distributions 
f{x) such that (1 - d^)''/^/ e Lp{R). RecaU that W^^p{R) = W''^p{R) exactly 
for 1 < p < oo. VF^'P(M) is the set of tempered distributions f{x) with derivative 
fix) e LP{R). 

§2 Linearization and spectral decomposition 
We plug the ansatz (1.3) in (1.1) obtaining, for n(r,r) = O(r^), 



(2.1) 
Let (7i 
(2.2) 



irt = -Txx +0Jit)r 

+ iit) {(pLo{t) +r) - iCo{t)d^(t)^^t) + n{r, f) 
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. The linearization is 



= 0-3 [-(f/dx'^ + a;) + ujV{^/ujx) 
V{x) = - (aaip+l) - icr2{p-l)) {p + l)2-hech'^ 



x). 



By (2.1), for *i? = (r,f), = {(f)u„4>u>) and ^N{R) = (n(r,f), -n(r,f)), 

(2.3) iRt = H^it)R + (73iR + (Tsi^ - iujd^^ + N{R). 

By implicit function theorem we impose R{t) e N^{H*^^^), with A^^ the gener- 
alized kernel. We state the following known result: 
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Theorem 2.1. Let us consider the operator in (2.2) acting on R & L^(R, C^); 

(1) The continuous spectrum of H^^ is R\(— a;,a;). is an eigenvalue and there are 
two simple eigenvalues ±in{uj), with h{uj) > 0. 

(2) Ng{H^) is spanned by {a^^^, d^^^, d^^^, asx^^}. 

(3) ±u; are not resonances and {0, Z/u(a;), — Z/u(c<;)} are the only eigenvalues. 

For (1) and (2) see [W], for (3) see [KS]. Let ^{uj,x) be an eigenvector of iniu). 
Notice that jJiioj) — Recalling that (/, 5^) = J^^ f{x)g{x)dx, we have: 

Lemma 2.2. The eigenvector ^{uj,x) can be chosen so that (^(w), a"3^(c<;)) = iXi 
with Ai G IR\{0} a fixed number. The function (w, x) — > ^ (u;, x) is and \^ (a;, x) \ < 
Cy^e""^!^! for fixed c > and a > 0. ai^{oiJ,x) = ^{uj,x) generates hev(H^ + 
i/i(a;)) with (ai^, aaai^) = —iXi. We have H^^ invariant decompositions 

(1) l2(]R, C') = Ll{uj) © Ll{uj) and l2(M, C') = Ng{H^) © N^{H*J 

with Ll{oj) = Ng{H^) © ( ©± ker(iy^^ t i^i^))) and Ll{uj) = [a3Ll{uj)]^ . 

Proof. The decomposition (1) is a consequence of Theorem 2.1. Let ^{x) be 
a generator of ker(iyi — Since both ^{x) and e ker(iyi + 

we can normalize ^(x) so that ^{x) = ai^{x). Then *^{x) = (v{x),v{x)). Then 
{^1 c'sO = / ("^^ — v'^)dx = iXi with Ai G R\{0}. Notice that Ai 7^ since otherwise 
(^,(73/) = for any / would follow from the fact that (^^o'sf) = for any / G 
Ng{Hi) © Ll{l) and for / = cti^. Finally set ^{io,x) = ^/uj{{l, ^x). The rest is 
standard. 

We denote by Pd{i^) (resp. -Pc('^)) the projection on L'^{uj) (resp. LI{lo)) asso- 
ciated to the splitting in (1) Lemma 2.2. By Ng{H*) = a3Ng{H^), the condition 
R{t,x) G N^{H*^^-^) and (2.3) imply the modulation equations: 

iiv d{\\(PJl)/duj = iu{R, + {a^^R + N{R), 

id{\\4>^\\l)/dw = iCo{R, a^dl^^) - {as^R + N{R),asdA). 

By elementary computations, see [C2] , there are real valued exponentially decreasing 
functions a{u>,x) and P{uj,x) such that 



(2.4) 



M{u;,R) 
M{u;,R) 



iu) 









with 



d{U^\\l)/dw + 



{n{r, r) - n(r, r), ^t^) 
n{r,f) +n{f,r),d^4>^ 

(r + f, a(a;)) {r-r.cf)^) 

(r - r, (3{uj)) (r + r, d^cj)^ 



Since in the sequel we deal with R{t) such that is small and such that a; 

remains in a bounded domain, we get 



iu!{t) 






-at). 




-im. 



(2.5) 



M{u;, R) 



with 

{n{r,f) -n{f,r),(j)u) 
{n{r,f) +n{f,r),d^(l)aj) 



with M{u;, R) := 



M-\u;, R) = {diU4l)/du;) ' (l + OiWRh^Li) + Oi\\cu - coohr)) 



Lemma 2.3. We can write R{t) = f{t) + ((t) with f{t) G Ll{uj{t)) and C{t,x) = 
Z-^{t)^{uj{t), x) + Z- {t)ai^{u{t), x). R = aiR implies z±{t) G M and f = aif . 

Proof. By R{t, x) G N^{H*^^^) and setting / = P^{u{t))R we get R{t) = f{t) + 
C(t) for an Q{t) = z+{t)^{uj{t)) + z_{t)aiC{u{t)). z±{t) G R and / = aj follow by 
e = 'Jil ^iC = I 'JiLliioit)) = Llicoit)), Ll{u{t)) = Ll{co{t)) and 

z+$, + 2;_criC + f = R = (TiR = ^cTi^ + + (Ji/. 
We have from (2.3) and Lemma 2.3 

+ i{z+fi{uj{t)) - z+)^{uj{t)) - i{z-fi{oj{t)) + z-)ai^{uj{t)) 
- iu}{zd^^{oj{t)) + zaid^^{uj{t))). 

Wc apply (■, (T3^) and (■, oso'i^). Setting di = —Xi^ with Ai the constant in Lemma 
2.2, we get the discrete mode equations: 



(2.6) 



z±{t) T i^{u;{t))z±{t) = diiioifit), asa^ ' dMu{t)))+ 
di{as^R + N{R) - iu{t) [z+{t) + z-{t)ax] d^^{u{t)), a^a'^ i{u{t))) . 

We fix an ujq. Setting uj = u){t) and £(t) = uj{t) — ujq + 'y{t) we get 



(2.7) 



[idt (H^, + i{t)P,Mas)] f = Pc{u;)as'f{z+ + z.ai)^ + Af{R)+ 



+ {u;oV{^x) - uViV^x)) f + iu;d^Pa{oj)f + e{t) {P^iu) - P^{ujq)) a^f. 
To correct the fact that [Pc(i^o)c3, -f^cjo] 0; we split / G L^(a;(t)) into 

(2.8) f = fd + fceLl{uJo)®Ll{ojo). 
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Then splitting Pc('^o) = P+i'^o) + -P-(<^o)) with the two terms the projections on 
the positive and the negative part of the continuous spectrum, see Lemma 5.12 [CI] 
or Appendix B [C3] or also [BP], we get 

[idt - {H^, + m{P+M - P-M))] fc = PcM{Pciu;)a3^{z+ + Z-ai)^ 

(2.9) + N{R) + {uoVi^x) - u;V{VIJx)) f + iCodM^)f 

+ (,{t) {Pciu) - Pciuo)) asf + miP+M - P-M - PcM(J3)fc}. 

Now [P+(a;o) — P-{(jJo), H^^] = 0. We will use the following elementary lemma. 

Lemma 2.4. Fix a e (0, 1). Then there exists a small S{a) > such that for any 
fixed uq e (a, 1/a) and for any u) with \uj — u}q\ < 5{a) there exist constants CN{oi) 
such the following holds: for any fc G L^(a;o) there exists exactly one fd £ I/^(a;o) 
so that f = fc + fd ^ -^c('^) ^'^^ /^^^ ^''^y Q ^ [1) c>o] have 

(2.10) ll/dlU. <Civ(«)|a;-a;o|||(x)-^/e|U|. 

Furthermore, if fc — crifc, then we have fd — aifa- 

Proof. For fc = Pd{iv)fc + Pc{^)fc we seek fa G ^^^(cuo) with Pd{uj)fd = 
-Pd{oj)fc. We have Pd{uo)PdM - Pdi^o) + {Pd{^) - PdM)PdM. Since 
Pd{^) ~Pd{^o) = O{u> — ujo) in any norm, we see for the ranks, Rk (Pd('^)-Pd('^o)) = 
Rk{Pd{(jJo)) = Rk(Pd(a;)), so Pd{uj)Pd{oJo) ■ L^uq) Ll{aj) is an isomorphism 
and fd exists unique. Next, 

-Pd{u)fc = {PdM - Pd{uj))fc = fd + {Pd{oo) - PdM)fd 

implies WfdUl - C\uj - tool) < \\{PdM - PdH)fc\U _< \uj - iVo\\\{x)-^ fch- 
Let J be either ai or the conjugation operator Jh = h. Then, in either case 
[Pd(a;), J] = [Pc{^^), J] = for any uj. This implies fd = crifd- 

§3 Spacetime estimates for 

We will need the following estimates, proved in [C3] . 

Lemma 3.1 (Strichartz estimate). Let W'^'^CR) be the space of tempered distri- 
butions f{x) such that (1 — d'^^l'^f e LP(]R). Then there exists a positive number 
C = C{uj) upper semicontinuous in u such that for any k e [0,2]; 

(a) for any f G Ll{u), ||e"^*^'^/||i4y^fe,oc^^ooHfe < C'II/IIh^- 

(b) for any g{t, x) e S{M.'^), 

Pc{uj)g{s,-)ds\\^4y^k,oo^^a<.Hk < ^ 1 1 5* 1 1 1,4/3^fe , 1 jjfc • 
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Lemma 3.2. For any k and r > 3/2 3 C = C{t, k, uj) upper semicontinuous in u> 

such that: 

(a) foranyfeS{R), 

\\e-^tH^P,{HMLfHt-<C\\f\U. 

(b) for any g{t,x) e S(M?) 



Pc{H^)g{t, ■)dt 



<C\\g\\L2HKr- 



Lemma 3.3. For any k and r > 3/2 3 C = C{T,k,u>) as above such that V 
g{t,x)eS{R^) 



f\-iit-s)H^p^^H^^g^s,-)ds 
Jo 



T 2 iTk,—T 
J^t tlx 



< C\\g\\i^2HKr. 



Lemma 3.4. k and r > 3/2 3 C = C(t, k,(ju) as above such that V g{t, x) e 5'(E^) 



f e-'^'-'^"-Pc{H^)g{s,-)ds 
Jo 



L^LlnmR,w^'°^) 



Lemma 3.5. In Lemmas 3.1 (b), 3.3 and 3.4 the estimates continue to hold if we 
replace in the integral [0,t] with [t,+oo). 

§4 Functional setting and integral formulation 

From now on in the paper all the functions we consider are even in x. We want 
to build a set X of special solutions of (1.1) which for all times are approximate 
ground states u{t,x) = e*/o '^(«)'^«+n(t)(0^^^^(a;) + ;r(t,a;)) as in Ansatz (1.3). The 
reminder *i? = (r,r) will be split as 



(4.1) 



R = {z+{t) + z. (t)cTi) i{u{t), x) + fd{t, x) + fc{t, x) 



with fd + fc the splitting in (2.8). In analogy to standard constructions of center 
and stable manifolds, we consider functional spaces where we will interpret X as 
the set of fixed points of certain functionals. 

For p > 5 the exponent in (1.1) and for 4/g = 1 — l/p we set 

z := LtL^ n Ljwt'' n L^Hl n c^Hl n Hl'-'m[o, oo) X M, C^); 

X := {{z+{t),z-{t),^{t), fc{t,x)) : z±{t) G (L^ n L~ fl C0)([0, oo), K); 

fe{t, ■) e LlM n z with Tc = (Tifc, ieiL'n L~)([o, oo), R)} 
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with, for n= {z+, z_,-f, /c), 



W^Wx = 11(^+5^-) II (i-inL-)[o,oo) + ll7ll(wi,ocnH^i,i)[o,oo) + \\fc\\z- 

Let X := n W^^^)[0, oo)) x X with elements TZ = {u, TZ). Fix a e (0, 1) and 

loq G {a,l/a). For e G (0, eg] let 

^A-lc^cTce) = {7^ G A" : ||7^ - (a;o, 0, 0, 70, 0)||;t- < e} 
%(7o, e) = G ^ : ||:^ - (0, 0, 70, 0)||^ < e}. 



For eo < 5(a), with d{a) chosen to be the same of Lemma 2.4, in Bx{ujo,Jq, 
by definition we have \\u;{t) — lvqWoo < S{a). By Lemma 2.4 we define fd{t,x) G 
Lliuo) with l/dl < l/cl, so that f{t,x) = fd{t,x) + fc{t,x) G Ll{u;{t)) and H/H^ «i 
ll/cll^:. Then given TZ G 5;ir(a;o, 70, e) we define R{t,x,TZ) by formula (4.1). By 
construction, i2(t) G N^{H*^t)) and < C(||(2;+, 2;_)|UinL- + ||/c|U) for 

C = C{a). We fix a;(0) > (resp.7(0) G R) close to ojq (resp.70) and for R = R{n) 
we write 



(4.2) uj{t) = u{0) + u{n), u{n) := [ u{n){s)ds, 

Jo 

(4.3) ^(^)^^(o) + 7(7^), ^{n):= f ^{n){s)ds, 

Jo 

where u){7Z) and ■y{TZ) are as in (2.5). Schematically we have for TZ G Bx{(^0:1o,^) 



(4.4) i;{TZ) := (0(i?2(t)), $^(,)> and ^{TZ) := {0{R\t)),dA(t))- 

Let£(^,7^) = u{t)-uo+^{TZ). ForasmaU/to G H^{R,C'^)nLl{u;o), ho{-x) = ho{x), 
with /iQ = cxi/io, we write 



P±(a;o)/c(t,a;) = e-^^^-oe^^/o ^(--^)d-p±(a;o)/,o(a;) - /,(7^), 

/oo 
^-i(t-s)H^, gT» /* e{r,TZ)drp^ {cOo)F{TZ){s)ds, 

F{TZ) := Pe(a;o){i'c(c^)^37(^)(-s+ + -^-^^1)^ + N{R) + iij{TZ)d^P,{uj)f 
+ (a;oV^(V^a;) - a;F(V^a;)) / + i{t, TZ) {Pc{co) - PcM) (Jzf 

+ e{t,TZ){P+{uJo) - P-M - PcM(r3)fc}. 
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We write 

z+{t) — ?+(7^), where Z-^.{Tl) := 

dseS>^'^^''^^'i'' {iij{n){f{s),asd^^{uj{s))) + {a^^{n)R{s) 
+ N{R{s)) - itjiTZ) [z+{s) + z-{s)ai] d^i{u{s)),a^au{s)))] . 
For a z- (0) small we write 

z_{t) = e-^oV('^W)rfs^_(o) +^_(7^) where Z-{n) := 

(4.7) I\se-^>^^^''^^'''\ii3{n){f{s),atcj^d^a^{s))) + (^73^(7^)i^(s) 
+ N{R{s)) - ii^{TZ) [z+{s) + z-{s)ai] d^uis)), (71^3^(0^(5)))}. 

We interpret (4.2-7) as an equation in Bx{(jJo,^o,e) C X. 

Proposition 4.1. Fix a e (0, 1) and ojo G (a, l/ct), 70 £ T/ien 3 eo > 0, c{a) 
and aC >0 such that V (a;(0), 7(0), z_(0)), ^_(0) e R, 7(0) e R, 

|a;(0) - c^ol + |7(0) - 7o| + |-S-(0)| < e/5 < eo/5 

and V /lo e -ffr (^5 '^^) l~l-^c('^o) satisfying Hq = aiho with ||/io||//i(R) < c(Q;)e, and if 
we define R{t, x) by (4-1) with fd{t, x) defined by Lemma 2.4, then, for^/q = 1 — 1/p 
with p > 5 the exponent in (1-1), there exists a solution 

(4.8) (a;(t),z+(t),z_(t),7(t),/c(t)) e C0([0, 00), M^) x Z 
of (4-2-7) such that \/ t > we have fc{t) — crifc{t) and 

(1) Ht)-u;o\ < e, \{uj{t),z_{t),^{t)) - (a;(0),^_(0),7(0))| < Ce^ 

(2) ll/clU < e, 

(3) lk-(*)||(LinL<^)[o,oo) < lk+(*)||(LinL°°)[o,cx)) < C'e^ 

(4) hm (z+(t),z_(t)) = (0,0). 

t—>-oo 

There exist 700 £ a;oo > st<c/i t/iai 

(5) lim (w(t),7(t)) = (woo,7oo) 

and for £{t) = uj{t) — u>o + 'y{t) 

(6) lim \\f{t) - e-**^-oe^/o ^Md^(-P-('^o)-P+(a.o))/,Q||^,^^^^,^ = 0. 
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We have aiR{t,x) — R{t,x), R{t,x) solves (2.3), the first entry r{t, x) of*R= (r, r) 
solves (2.1) and u{t,x), defined in (1.3), solves (1.1). 

There is an isomorphism between the space of the u{t, x) and the space of the 
U{t, x) = ^{u{t, x),u{tj x)), so we think X in the latter space. The spirit of Proposi- 
tion 4.1 is that we try to parametrize the set X by means of (<^(0), 7(0), -S-(O), ho). 
In fact we cannot exclude that for each choice of the parameter there are more than 
one solutions of the form (4.8). So we define the X in Theorem 1.1 as the union of 
the trajectories associated to all possible solutions of (4.2-7). 

§5 Proof of Proposition 4.1 
Setn= {u,n)withn= {z+,Z-,-fJc)- Set for £(t, 7e) ^ uj{0)+u;{n)-ujo+^{n) 

Lin) := (i'+(7^),^_(7^),^)(7^),7(7^)); 

g{co)0Z) := (O,e-J'o'^('^(^))'^*z_(0),7(0), 

e-itH^o (P+(a;o)e-*^*^(^'^)^^ + P_(a;o)e^^* ^(^'^)^^)/io) + QiTl); 
(5.1) ^(^)(^) {z+{i^,n),z.{u;,n),j{uj,n)Jc{u;,n)); 

T{n) := (u;(0),e-^oV(a.(«))d.^_(o),7(0), 

e-^*^-o (P+(c^o)e-'^o ^^"'^^"^^ + P_(a;o)e^^o ^(^'^)d^)/io) + T{n); 

Tin) := {uj{n),g{uj){n)). 

To prove Proposition 4.1 we look for fixed points of T{n). We are not able to show 
that J^(n) is Lipschiz because of the uj{t) in the £{t,n) = uj{t) — ujq + 7(7^) and 
the exponent £{T,n)dT in the definition (4.5) of fc{n). We split n — {uj,n) 
and we solve the system by substitution, by first solving for n with u arbitrary 
but with ||a; — cuolloo small. Since J-'{u,n) is Lipschiz and a contraction in n, with 
constant independent of to, for each u we get a unique corresponding n — n{u>) by 
the contraction principle. n{uj) is continuous in u. Substituting in the equation for 
u>, we obtain a fixed point problem in uj which we solve by the Schauder fixed point 
theorem. 

By Lemmas 3.1-2 we have: 

Lemma 5.1. For a G (0, 1) there exists C{a) > such that\/ ujq G (a, 1/a) we have 
\\e~''^^'^o P^(^u;o)h\\z < C{a)\\h\\H^; e~**'^"o is strongly continuous in H^{R,C'^). 

Next, we have: 

Lemma 5.2. There exists a fixed C > such that for allO < e < cq, LilZ) is in 
Bxil^Qi 7o, e) such that for L(n) = {z-^.{n), z-{n), u;{n), 7(7^)) and for any to >0 

ll-^('^)ll((LinL°°)2x(wi.°°nVKi.i)2)[to,oo) < 

Ce(ee-'^^° + \\{z+, Z-)\\li [to, 00) + \\fc\\m(to,oc),Ll'-'))- 
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Furthermore we have 

(2) ||-CL(7^)57^||((x,inLoo)2x(w'i,oonVKi.i)2)[o,oo) < CeWdlZWx ■ 

Proof. Set z+{t) = z+{n){t) = di /+°° e/X'^(^'))'^*'Z+(7^)(s), 

Z+{n) := (c737i? + A^(i?)-*i [2;+ + 2;_ai]a^^(a;),a3^(a;)) + iS(/,c73a^^(a;)). 
In Bx{u;o, 70, e) we have n{uj{t)) > Q;/i(l) > 0. So for t >to 

/+00 1 

The above is < Ca||Z+||ii[tQ 00). We have 

||^+||Li[to,oo) < Ce{\\{z+,Z-)\\Li[to,oc) + \\fc\\Lmto,oo),Ll'-^))- 

So for t > to we get 

(3) \z+{t)\ + \\z+\\ 

We have z-it) = z-{n){t) = di J* ds e' Z-(n)is) with 

Z_(7^) = {as^R + N{R) - itj [^+ + z-O^] d^i{uj),axa^i{uj)) + it^j, axa^d^i{uj)) . 
Then 

< C dse-'^^^^'^\^-'\\Z_{s)\ds, 
Jo 

\\z-\\mto,oo) < f dse-'^^^^^\'-'\\Z_{s)\ds 
Jo 

From the first we read for t >to 
This yields for t >to 

(4) \z_{t)\ < Ce'e--^^'W2 + Ce{\\{z+, ^-)|Um,„,oo) + ll/dL^^,,,^),^.,-.)). 
In a similar fashion we obtain 

(5) ||?-|UMto,oo) < Ce'e-'^^'^'°/' + Ce{Uz+,z_)h.ito,oo) + \\fch^ato,oo),Li-^))- 
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L^[to,oo) 



Notice that (3-5) imply 
By (4.4) we have 

P(7^)|UMto,oo) = IKO(i?'(t)),$.(t)>||LMto,oo) < C\\R\\l,^^^^^^^^^2,-y 

Then 

(7) ||i)(7e)|U.[,„,«,) < Ce{ee-^^'^'o/2 + 
Similarly 

(8) lfi(^)l|LMto,oo) < C6(6e-'^(^)*o/^ + ||/c|U.((,„,o.),^|,-)). 

Then (3-5) and (7-8) yield (1). 

We have z+ (7^ + STZ) = z+ {U) + 5z+ (7^ + 5n) = (TZ) + Dz+ {n)5n + 0{5n^) 

/+00 

t 

l\ J J 



oo) 



< 



pi{i)5oj{s')ds' j z+(n)(s) + Dz+(n)sn 

So \\DZ+{n)Sn\\mo,o.) < Cae\\Sn\\x and \{Dz+{n)6n){t)\ + \\Dz{n)Sn\\mo. 
a«e||57^||;,. For ||57^||^ < e, |0(57^2)(^)J + ||0(^7^2) |Ui[o,oo) < e||57e||;,. Similar 
estimates hold for the Z-{71), u{7l) and 7(7?.). This yields (2). 

Consider the ball 5^,00 (a;o,e) defined by ||a;(t) — u^o||l°°[o,oo) < ^• 
Lemma 5.3. 

(1) There is a fixed C > such that we have 11/0(7?-) H^; < Ce^ for any TZ e 
5Ar(wo,7o,e)- 

(2) There is a fixed C > such that given any cu G Bl^{ujo, e) the map TZ e 
S^(7o,e) — s> fc{uj,7Z) E Z is differentiable with \\Dfc{uj,7Z)d7Z\\z < Ce||7?||^. 

(3) Let TZj = (a;, TZj) with oj E Bloo(ujo, e) and TZj G i?^(7o, e) for j = 1, 2. Then 

||e-**^"oP±(a;o) (^eT^/o^(-.7^l)dr _gTi/o'^(T,^2)rfr^ ^^y^ < Ce\\ni-n2\\^\\ho\\m^. 
Proof. (3) follows by 

||g-itJf<.oP^(a;o)e^*^o('^W-'^o)dT ^gT« Jo 1?(7^i)(T)dT _ gT^ /o 1^(7^2 )(T)dT^ ^^||^ 

< Ci||7(7?i) - lOZ2)\\Ll\\ho\\Hi < C2e\\ni - :^2||^||/io||//i- 
The first two claims of Lemma 5.3 are a consequence of Lemmas 5.4 and 5.5 below. 
We have a decomposition N{R) = 0«oc(^^) + A^2(/c) with iV2(/c) = 0{fP). We set 
F(7^) = Fl(7^) + F2(7^) with F2(7^) = N2{fc) = 0{fP). 
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Lemma 5.4. Let u>{t) be a function with values in {a,l/a). Then for a fixed 
C = C{a) we have ||7c(7^)|U < C {\\F,{n)\\^.,.^. + ||F2(7^)|Ul^l) . 

Proof. By Lemmas 3.1, 3.4 and 3.5 for to > 

ll/c(^)llL4((^^_<^-)^^oo)nL?((to,oo),wi'^^)nL-((to,oo),Hi) ^ 

Let fj{n) be defined by (4.5) with F(7^) replaced by Fj{n). By Lemmas 3.3 and 
3.5 

By Lemma 3.2, for a fixed C and for to > 0, ||/2||^2(^^jj oo)h^'~^ — 



L2(to,oo) 



-2r2 



nOO 

/■oo 
"'to 

The final step to prove Lemma 5.3 is: 

Lemma 5.5. The maps Fj{TZ) are for TZ G ^^'('^0)70)^) continuous and differen- 

tiable, with target L^H^'^ for Fi{7V) and L\HI. for FiiJZ). There exists C > such 
that for TZ G Bx(ol>Oi1oi^) we have for to > 0, p > 5 the exponent in (1.1) and for 
4/g = 1 - 1/p 



(1) 
(2) 



l^i(^)llL?(to,oo)H^.^ < Ce{ee-^'^ + ||/clL2(,„,^)^2,-.)) 



ll^2(7e)||Li((to,oo),Hi) < Ce\\fc\\L,^^to,oc),wyn^- 
We have 

(3) \\DF,{n)SR\\^,^,^^^^.,. + \\DF2{n)5Rh.^^o,oc),Hi) < Ce\\5R\\;^. 

Proof. By Lemma 5.12 [CI], repeated in Appendix B in [C3], for Cm,n{}^) upper 
semicontinuous in a;, MM and A'' we have 

||(a;)^(P+(a;) - P_(a;) - PM^,)fU. < Cm,nM\\{^)-'' IWlI- 
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Schematically we have Fi{TZ) = 0{e)'ipf + Oioc{T^^) for an exponentially decreasing 
ipix). Then by Lemma 5.2 we get (1). We have F2{n) = o(f^) and this yields 



ip-i 



Since q 



4p ^ 4p(p-l) 
p-1 ^ 3p+l 



^'(p — 1) by p > 5, then for some < < 1 we get 

\F2\\Ljm ^ ll/c|lrtwi.2p^ll/c|lLo^H/^"^^- This yields (2). Proceeding similarly we 
get (3). 

Lemma 5.6. Consider Q{u)) defined by (5.1). 

(1) ^ uj E Sloo (c<;o, e) 3 Tliuj) = {z+{uj), z-{uj),^{u!), fc,uj) G X, unique, such that 
TZ{u!, ho) e Bj^{'jQ, e/2) satisfies the fixed point problem TZ{u>) = Q{u>) ^JZ{u>)^ . 

(2) The map uj e SLoo(a;o,e) — > TZ{uj) e S_3p(7o,e) zs continuous. 

Proof. For e e (0, eo) with eo > small enough, Q{ijj) maps 5_^(7o, e/2) into itself. 
By the estimates on the derivatives in Lemmas 5.2 and 5.5, \\Q{oj)TZx — Q{ijj)'TZ2\\^ < 
Ce\\Tli — 7^2 11^- There is a fixed point, which we denote by 7?.(u;), and which is 
unique. This yields (1). Let Ce < 1/2. We have \\n{uji) - n{ij02)\\x < 

< ||^?(a;i):^(a;i) - ^?(a;2):^(a;i)||^ + ||e?(a;2)^(a;i) - giu}2)n{oJ2)y 

< \\g{uji)1z{uji) - g{uo2)nMy + Ce\\n{uji) - nMy. 



To complete Lemma 5.6 we need to show that uj E S^oo (cjq, e) Q{ijj)71o E X is 
continuous for fixed TZq. In view of Lemma 5.2 it remains to show the following: 

Lemma 5.7. The map TZ E BxiojQ^^o, e) fciJZ) E Z is continuous. 

Proof. We write TZ = {oJ,TZ) to distinguish between uj and TZ = {z+, Z-,^, fc). 
By Lemma 5.5, to complete the proof of the continuity of f{TZ) it is enough to 
show that for fixed TZq = {luq.TIo) and if we set TZi = {ujq + duj, TZq), for any 
£ > there is 5 > such that |/(7^o) - /(7^l)| < £ if < S. For g{s) = 

eT^/o" ^'^('^^'^'^ P±[uJo)F{TZo){s) we need to show that for any £ > there exists 6 > 
such that ||5u;||£oo < S implies 



< £. 



Z 



We fix a large number M > 0. Then, for 5 > with M5C||F(7^o)||z < e/2 and since 
\\9\\Hi'-'Lj{i)+Ll{i,mj ^ \\Fi^o)\\Hi''LUi)+Ll{i,mj any interval /, we conclude 



t+M 



±iJl5uj(T)dT 
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- 1^ g{s)d& 



< e/2. 



We have 



-i{t-s) 



t+M 



) 9{s)ds 



< ^ll^(^o)|lHi.^z,f(M,oo)+L,H(M,oo),Hi) ^ for M ^ oo. 



Having TZ{u) for any u G Bloo^lvq, e) we substitute 71 — 7l{u) in the system and 
we reduce to a fixed point problem in u. We will denote by Z{to) the space defined 
like Z in §4 but with the time interval (0, oo) replaced by {to, oo). We get: 

Lemma 5.8. There is a a;(t) e Sj^oo (a;o, e/2) such that, for TZ = {u!,TZ{u!)) and 
R{t) = R{t,x,n), 

(1) ujit)=uj{0)+u{n){t), u{n){t)= [\o{R\s)),^^^s))ds. 

Jo 



Proof. The map on the right side in (1) sends Bloo^loq, e) into itself. Lemma 5.8 
is a consequence of the Schauder fixed point theorem if we are able to show that 
the image of Bloc [uo, e), which we denote by A, has compact closure in (^^O; 
First of all, A C BL^ {uJo,e/3)r\{W^^°" fl W^^^). It will be enough to show that, for 
any £ > there exists to — to{s) such that for any u) & A we have ||<^||Li(to,oo) < ^■ 
This reduces to showing that for any s > there is to > such that for any 
CO e BLoa(u!o, e), given the corresponding TZ = {u, TZ{u!)), we have ||/c('^)||z(to) < ^• 
But by the proof of Lemma 5.4 and by (1-2) Lemma 5.5 we get 

||/e(7e)b(,„) < c (||Fi(7e)|lH^,^^.(,„,oo) + \\F2{n)hiato,oo),Hi)) < 

< Ceiee-"^ + ||e-^^-*/.o|U(to) + ll/cWIUcto)) 

which implies \\f 0(71)11 z {to) < Cie(ee + \\e~''^'^o*ho\\z(^to)) and yields the 

desired result. 

By Lemmas 5.6-8 we conclude that we have a solution Tl = (oo, 71) E Bx{oJoi lOi ^) 
which yields the solution (4.8) of Proposition 4.1. Estimates (1-4) as well as the 
limits (5) follow from the definition of X. Now we prove the remaining part of 
Proposition 4.1. We can define a smooth diffeomorphism from a neighborhood of 
(a;o, 0, 0, 70, 0) G x (if^(M, C^) n L'^{uo)) with values in a smaU neighborhood of 
e''^°(f)^^(x) e H^{R, C) which associates to every U = (a;(°), -^-^ 7^°\ fc°\x)) 

Unix) = e*'^^°^ {(j)^(o){x) + rnix)) 
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with ^ {rii{x) , ru{x)) = Rn{x) and, for /rf[n](a;) defined by Lemma 2.4, with 

Then given the solution in (4.8) and given R{t) defined by (4.1), the corresponding 
point in u{t) e H^{R,C) is given by \u,u) = e^^^^do* a;(s)ds+7W) ($^^^^ + R(^t)). In 
particular u{t) e C°([0, oo), iy;^(]R, C)) and is the solution of (1.1) with tt(0) = un- 
By construction 

^lim \\R{t) - e-**^-oe-*/o ^Md^('P+('^o)-P-(u.o))/j^||^,^^^^,^ ^ 0. 
For ho = Wiujofho with W(uJo) = strong - limt^oo e^^^-oe-^^'^sC-a^+u'o)^ gee [Cl], 

hm \\fa{t) - e-^^^*'^(^)''^+^(^^-^(^)-*'^°^^3e^*'"3^^'-'^°^^||j/i(K,C2) = 0. 
So for *(roo,^oo) — e^'^'-'^^^'^ho and *(r, r) — R we conclude 

lim \\e'fo-'(r)dr+nit)^^^^ _ e^*^^roo||HMM,C) = 0. 

t— >oo ^ ' 

Errata in paper [Cl] 

Unfortunately paper [Cl] has many mistakes. Fortunately all of them can be 
corrected. Among the various mistakes we list: 

(1) Various formulas between sections 5 and 8 are wrong, for example the formula 
for the Wronskian from §5 on. 

(2) In formula (8.2) in [Cl] there is a missing term on the right hand side. 

(3) The really serious mistake is Lemma 5.4 [Cl]: not only the proof is incorrect, 
but probably the statement is incorrect. 

In [C3] we have revised [Cl] simplifying considerably the argument. In particular 
the smoothing estimates in §3 [Cl], which are analogues of estimates in [M], have 
been replaced by weaker estimates estimates in §3 [C3]. These new estimates are 
listed in §3 in the present paper and are simple to prove. The estimates in §3 [C3] arc 
sufficient for the main result in [C1,C3]. In particular in [C3] most of the material 
in sections from 5 to 8 in [Cl] is eliminated. In particular the statements in §3 [C3] 
are proved immediately in §3 [C3] with elementary arguments based on material 
already in the literature. [C3] relies more on [KS]. The statement that the linear 
part in [Cl] is proven also when the matrix potential V{x) = — as{—d'^ + uj) 
is not necessarily even, does not stand any more, since [KS] assumes symmetry of 
V{x) as an hypothesis. In fact the arguments from §5 to §8 in [Cl] can be saved in 
a corrected form, and this is done in [CV] . However in the present paper we assume 
the results in [C3] . 
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